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A quantum computer promises efficient process- 
ing of certain computational tasks that are intractable 
with classical computer technology [p. While basic 
principles of a quantum computer have been demon- 
strated in the laboratory [fzp, scalability of these sys- 
tems to a large number of qubits [[5p, essential for 
practical applications such as the Shor algorithm, rep- 
resents a formidable challenge. Most of the current 
experiments are designed to implement sequences of 
highly controlled interactions between selected par- 
ticles (qubits), thereby following models of a quan- 
tum computer as a (sequential) network of quantum 
logic gates Here we propose a different model 

of a scalable quantum computer. In our model, the 
entire resource for the quantum computation is pro- 
vided initially in form of a specific entangled state (a 
so-called cluster state) of a large number of qubits. In- 
formation is then written onto the cluster, processed, 
and read out form the cluster by one-particle measure- 
ments only. The entangled state of the cluster thus 
serves as a universal substrate for any quantum com- 
putation. Cluster states can be created efficiently in 
any system with a quantum Ising-type interaction (at 
very low temperatures) between two-state particles in 
a lattice configuration. 

We consider two and three-dimensional arrays of 
qubits that interact via an Ising-type next-neighbor 
interaction |Q| described by a Hamiltonian Hi nt = 

AiA l+o"' a) l—ai" ' 1 f,\ v-> (a) (a') 

g(*)E<a,a'>^ 2~ ~ -Z3{ t )12<a,a'> <r * a * 

P] whose strength g(t) can be controlled externally. 
A possible realization of such a system is discussed 
below. A qubit at site a can be in two states |0) Q or 
|l)o, the eigenstates of the Pauli phase flip operator 

(&z a ^ \i) a = {— l) I K)a)- These two states form the compu- 
tational basis. Each qubit can equally be in an arbitrary 
superposition state a|Q) + /3\1), \a\ 2 + \/3\ 2 = 1. For 
our purpose, we initially prepare all qubits in the su- 
perposition |+) = (|0) + |l))/\/2, an eigenstate of the 
Pauli spin flip operator a x (<r x \±) = ±|±)). Hint is then 
switched on for an appropriately chosen finite time in- 
terval, by which a unitary transformation S is realized. 
Since H mt acts uniformly on the lattice, entire clusters 
of neighboring particles become entangled in one single 
step. The quantum state \Q)c, the state of a cluster (C) of 
neighboring qubits, which is thereby created provides 
in advance all entanglement that is involved in the sub- 
sequent quantum computation. It has been shown [H] 
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FIG. 1. Quantum computation by measuring two-state par- 
ticles on a lattice. Before the measurements the qubits are in 
the cluster state |<E>)c of (^). Circles symbolize measurements 
of <j z , vertical arrows are measurements of a x , while tilted ar- 
rows refer to measurements in the x-y-plane. 

that the cluster state |$)c is characterized by a set of 
eigenvalue equations 



a'engbh(a) 
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where ngbh (a) specifies the sites of all qubits that in- 
teract with the qubit at site a E C. The eigenvalues are 
determined by the distribution of the qubits on the lat- 
tice. The equations ([j]) are central for the proposed com- 
putation scheme. As an example, a measurement on an 
individual qubit of a cluster has a random outcome. On 
the other hand, ([[]) imply that any two qubits at sites 
a, a' 6 C can be projected into a Bell state by measuring 
a subset of the other qubits in the cluster. This property 
will be used to define quantum channels that allow us 
to propagate quantum information through a cluster. 

Here we will show that a cluster state | $) c can be used 
as a "substrate" on which any quantum circuit can be 
imprinted by one-qubit measurements. In Figure [j] this 
scheme is illustrated. For simplicity, we assume that in 
a certain region of the lattice each site is occupied by a 
qubit. This requirement is not essential as will be ex- 
plained below (see d)). In the first step of the compu- 
tation, a subset of qubits is measured in the basis of a z 
which effectively removes them. In Fig. [j] these qubits 
are denoted by "0". The state |<&)e is thereby projected 
into a tensor product |/i)cw °f measured particles on 
one side and an entangled network on the other side: 

|$>c — * Im)cw ® |*)jv. The entangled state is 
related to the cluster state |$)jv on the network M by a 
local unitary transformation which depends on the set 
of measurement results [i. \&)j\f still satisfies (|l|) for all 
a e N and thus belongs to the same class of entangled 
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states as the original cluster state |$)c- The measure- 
ment results ^ enter in the signs in ©for |$) 

To process quantum information with this network, it 
suffices to measure its particles in a certain order and in 
a certain basis. Quantum information is thereby propa- 
gated horizontally through the cluster by measuring the 
qubits on the wire while qubits on vertical connections 
are used to realize two-bit quantum gates. The basis in 
which a certain qubit is measured depends in general on 
the results of the preceding measurements. The process- 
ing is finished once all qubits except a last one on each 
wire have been measured. At this point, the results of 
previous measurements determine in which basis these 
"output" qubits need to be measured for the final read- 
out. 

In the following, we will show that any quantum logic 
circuit can be implemented on a cluster state. The pur- 
pose of this is twofold. First, it serves as an illustration of 
how to implement a particular quantum circuit in prac- 
tice. Second, in showing that any quantum circuit can 
be implemented on a sufficiently large cluster state we 
demonstrate universality of the proposed scheme. For 
pedagogical reasons we will first explain a scheme with 
one essential modification with respect to the proposed 
scheme: before the entanglement operation S, certain 
qubits are selected as input qubits and the input infor- 
mation is written onto them, while the remaining qubits 
are prepared in |+). This step weakens the scheme since 
it affects the character of the cluster state as a genuine 
resource. It can, however, be avoided (see e)). Points a) 
to c) are concerned with the basic elements of a quan- 
tum circuit, quantum gates and wires, point d) with the 
composition of gates to circuits. 

a) Information propagation in a wire for qubits. A 
qubit can be teleported from one site of a cluster to any 
other site. In particular, consider a chain of an odd 
number of qubits 1 to n prepared in the state |V>m)i <8> 
|+)2 ® ••■ ® \+)n and entangled by S . The state of 
qubit 1, \ijjin), can now be transfered to site n by per- 
forming a x -measurements (bases {\+)j = \0) x ,j, = 
|l)a;,j}) at qubit sites j = l...n — 1 with measurement 
outcomes sj = {0,1}. The resulting state is |si) x ,i ® 

IVw)™- The output state \ip ut) is re- 
lated to the input state \ipi„) by a unitray transformation 
Us € {1, cr x , a z , cr x a z } which depends on the outcomes 
of the a x -measurements at sites 1 to n — 1. A similar ar- 
gument can be given for an even number of qubits. The 
effect of Us can be corrected for at the end of a compu- 
tation as will be shown below (see d)). It is notewor- 
thy that not all classical information gained by the a x - 
measurements needs to be stored to identify the trans- 
formation Us- Instead, Us is determined by the values 
of only two classical bits which are updated with every 
measurement. 

b) An arbitrary rotation Ur £ SU{2) can be achieved 



in a chain of 5 qubits. Consider a rotation in its Eu- 
ler representation U R (t[,r), Q = U x (()U z (rj)U x (£). The 
qubits are initially in the state \ipi n )i ® |+/2 <8> ••■ ® 
and entangled by S . Then, qubits 1 to 4 are measured 
in the order implied by their numbering. Qubit 1 is 
measured in the direction of x. (Measuring in the di- 
rection of r means measuring the operator f ■ <?.) The 
directions for the remaining measurements are all in the 
x-y-plane. Their angles with respect to the x-axis are 
equal to the respective Euler angles (£, 77, £ for qubits 
2,3,4) up to a sign ±1. The signs of the angles depend 
on the results of previous measurements. The final state 
is then \si) 1>x <S> ^2)2,$. <S> \sa)3,n ® Nkc ® |Vw)s with 
IVw) = UsUn\ipin)- Again, the extra transformation 
Us S {1, cr x , cr z , a x a z } can be read off from the measure- 
ment results and corrected at the end. 



c) To perform the gate CNOT(c, t in 



tout) 

|0) cc (0| <g> lC**--*"-*) + |l) cc (l| <g> a ( x tin ^ tout) between a 
control qubit c and a target qubit t, four qubits, ar- 
ranged as depicted Fig. ||a, are required. During the 
action of the gate, the target qubit t is transfered from 
t in to t out . The following procedure has to be imple- 
mented. Be qubit 4 the control qubit. First, the state 
1*1)2,1 ® |*4)z,4 ® |+)a ® |+)3 is prepared and then the 
entanglement operation S performed. Second, a x of 
qubits 1 and 2 is measured. The measurement results 
Sj = {0, 1} correspond to projections of the qubits j into 
\+)j or j = 1, 2. The quantum state created by this 

procedure is |si) Xi i<g>|s 2 ) :E ,2<g>C^ 34 ^*4)4 ( 8'|«i+i4 mod 2) 3 , 



where U- 
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(3) Sl + 1 (3) S2 (4) s i 



The input state is 
acted upon by the CNOT and successive a x - and a z - 
rotations U^? 4 \ depending on the measurement results 
s%, S2- These unwanted extra rotations can be accounted 
for as in a) and b). For practical purposes it is more con- 
venient if the control qubit is, like the target qubit, trans- 
fered to another site during the action of the gate. When 
a CNOT is combined with other gates to form a quan- 
tum circuit it will be used in the form shown in Fig. |2]b. 
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FIG. 2. Realization of a CNOT gate by one-particle mea- 
surements. See text. 



To explain the working principle of the CNOT-gate 
we will, for simplicity, refer to the minimal implemen- 
tation with four qubits. The minimal CNOT can be 
viewed as a wire from qubit 1 to qubit 3 with an addi- 
tional qubit, no. 4 attached. From the eigenvalue equa- 
tions (Q) it can now be derived that, if qubit 4 is in a 



2 



eigenstate of a z then the value of 14 G {0, 1} de- 

termines whether a unit wire or a spin flip a x (modulo 
the same correction for both values of 14) is being 
implemented. In other words, once a x of qubits 1 and 
2 have been measured, the value 14 of qubit 4 controls 
whether the target qubit is flipped or not. 

d) Quantum circuits. The gates described - the CNOT 
and arbitrary one-qubit rotations - form a universal set 
Ig]. In the implementation of a quantum circuit on a 
cluster state the site of every output qubit of a gate over- 
laps with the site of an input qubit of a subsequent gate. 
This way, the entire entanglement operation can be per- 
formed at the beginning. To see this, compare the fol- 
lowing two strategies. Given a quantum circuit imple- 
mented on a network JV of qubits which is divided into 
two consecutive circuits. Circuit 1 is implemented on 
network A/i and circuit 2 is implemented on network 
JV 2 , and JV = M U JV 2 . There is an overlap O = M n JV 2 
which contains the sites of the output qubits of circuit 
1 (these are identical to the sites of the input qubits of 
circuit 2). The sites of the readout qubits form a set 
TZ C A/2. Strategy i) consists of following steps: (1) write 
input and entangle all qubits on JV; (2) measure qubits 
€ JV\1Z to implement the circuit. Strategy ii) consists of 
(1) write input and entangle the qubits on A/i; (2) mea- 
sure the qubits in JV±\0. This implements the circuit on 
A/i and writes the intermediate output to O; (3) entangle 
the qubits on A/2; (4) measure all qubits in A/2 \ 72.- Step 3 
and 4 implement the circuit 2 on A/ 2 . The measurements 
on A/i\C commute with the entanglement operation re- 
stricted to A/2, since they act on different subsets of par- 
ticles. Therefore the two strategies are mathematically 
equivalent and yield the same results. It is therefore con- 
sistent to entangle in a single step at the beginning and 
perform all measurements afterwards. 

Two further points should be addressed in con- 
nection with circuits. First, the randomness of the 
measurement results does not jeopardize the func- 
tion of the circuit. Depending on the measurement 
results, extra rotations <j x and a z act on the out- 
put qubit of every implemented gate. By use of 

the relations CNOT(c, t) af 1 = a z c) a z t} CNOT(c,t), 
U x (0U z (r))U x (Z)a z = <J z U x {-QU z {<n)U x {-£) and sim- 
ilar ones, these extra rotations can be pulled through the 
network to act upon the output state. There they can be 
accounted for by adjusting the measurement basis for 
the final readout. Rotations require some care. As stated 
above, changing the order of a spin flip a x and an arbi- 
trary rotation reverses the sign of two Euler angles. This 
can be compensated for, but introduces a partial tempo- 
ral ordering of the measurements on the whole cluster. 
Second, quantum circuits can also be implemented on 
irregular clusters. In that case, qubits are missing which 
are required for the standard implementation of the cir- 
cuit. This can be compensated by a large flexibility in 



shape of the gates and wires. The components can be 
bent and stretched to fit to the cluster structure as long 
as the topology of the circuit implementation does not 
change. 

e) Full scheme. It is important to note that the step of 
writing the input information onto the qubits before the 
cluster is entangled, was introduced only for pedagogi- 
cal reasons. For illustration of this point consider a chain 
of 5 qubits in the state S |+)i ® |+) 2 <8> ... <E> \+)s. Clearly, 
there is no local information on any of the qubits. How- 
ever, by measuring qubits 1 to 4 along suitable direc- 
tions, the qubit 5 can be projected into any desired state 
(modulo Us)- What is used here is the knowledge that 
the resource has been prepared with qubit 1 in the state 
|+)i before the entanglement operation. By the four 
measurements, this qubit is rotated as described in b). 
In a similar manner any desired input state can be pre- 
pared if the rotations are replaced by a circuit preceding 
the proper circuit for computation. In summary, no in- 
put information needs to be written to the qubits before 
they are entangled. Cluster states are thus a genuine 
resource for quantum computation via measurements 
only. 

A possible implementation of such a quantum com- 
puter uses neutral atoms stored in periodic micropoten- 
tials [p[-^0|] where Ising-type interactions can be realized 
by controlled collisions between atoms in neighboring 
potential wells ||9pl|l- This system combines small deco- 
herence rates with a high scalability. The question of 
scalability is, in fact, closely linked to the percolation 
phenomenon. For a site occupation probability above 
the percolation threshold, there exists a cluster which is 
bounded in size only by the trap dimensions. For optical 
lattices in three dimensions, single-atom site occupation 
with a filling factor of 0.44 has been reported [|T^ j which 
is significantly above the percolation treshold of 0.31 
[|T^ 1. As in other proposed implementations for quan- 
tum computing, the addressability of single qubits in the 
lattice is however still a problem. (For recent progress 
see Ref. @]). 

For a cluster of a given finite size, the number of com- 
putational steps may be too large to fit on the cluster. In 
this case, the computation can be split into several parts, 
for each of which there is sufficient space on the clus- 
ter. The modified procedure consists then of repeatedly 
(re)entangling the cluster and imprinting the actual part 
of the circuit until the whole calculation is performed. In 
this sense, cluster states can be recycled. This procedure 
has also the virtue that qubits involved in the later part 
of a calculation need not be protected from decoherence 
for a long time while the calculation is still being per- 
formed at a remote place of the cluster. Standard error- 
correction techniques [ fH||l6| ] may then be used on each 
part of the circuit to stabilize the computation against 
decoherence. 

In conclusion, we have described a new scheme of 
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quantum computation that consists entirely of one-qubit 
measurements on a particular class of entangled states, 
the cluster states. The measurements are used to imprint 
a quantum circuit on the state, thereby destroying its en- 
tanglement at the same time. Cluster states are thus one- 
way quantum computers and the measurements form 
the program. 
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